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@ Motivation

m Dense numerical linear algebra operations are crucial in many
scientific and engineering applications

m Consequently, many efforts to optimize this operations can be found
in the literature. A good example are the basic numerical linear
algebra subroutines (BLAS) and LAPACK specifications

m Additionally, hardware manufacturers usually provide specific
implementations of BLAS and LAPACK for their platforms
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@ Motivation

m Tiled implementations has demonstrated to suit modern hardware
architectures

m In particular, they provide a convenient memory pattern access that
facilitates an efficient use of the memory hierarchy

m Unfortunately, the performance of tiled implementations highly
depends on the algorithmic blocksize employed

m Find the optimal algorithmic blocksize is far from being trivial
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@ Motivation

B The Roofline model is a graphical tool used to evaluate the
performance of a computational kernel
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m It merges in a single plot the memory-bound and compute-bound
spaces of a hardware architecture
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@ Motivation

We aim to obtain the optimal algorithmic blocksize
for a given computational kernel and hardware plaform from
the related Roofline model
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The Roofline model

m Joints in a plot the memory and compute-bound spaces of the HW

m Note that the Roofline model is platform-specific
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@ The Roofline model

The Roofline model

m Shows the maximal attainable performance at a given arithmetic
intensity (Al)

m The Al of a kernel is computed as the ratio between: floating-point
arithmetic operations (flops) and memory accesses (memops)
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@ The Roofline model

The Roofline model

m Given the Al related to a computational kernel, the Roofline model
states the maximal performance that can be expected

m In practice, Roofline model can be used to evaluate the
performance of a computational kernel and identify its bottlenecks
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@ The Roofline model

The Roofline model

m To create the model we need the peak performance and the memory
bandwidth of the architecture

m These figures are provided by the HW manufacturer, or can be
obtained experimentally
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2. The Gauss-Jordan alg.
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& @ The Gauss-Jordan alg.

m The Gauss-Jordan elimination (GJE) algorithm computes the inverse
of a matrix

m GJE presents a computational cost and numerical properties similar to
the traditional method based on the LU factorization

m It presents:

m Fine grain parallelism computations: pivoting
m Coarse grain parallelism computations: matrix-matrix products

m Similarities with matrix factorization methods: LU, Cholesky, QR
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& @ The Gauss-Jordan alg.

m The Gauss-Jordan elimination (GJE) algorithm computes the inverse
of a matrix

m GJE presents a computational cost and numerical properties similar to
the traditional method based on the LU factorization

m It presents:

m Fine grain parallelism computations: pivoting
m Coarse grain parallelism computations: matrix-matrix products

m Similarities with matrix factorization methods: LU, Cholesky, QR

4

Results can be extrapolated to other linear algebra kernels
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The Gauss-Jordan alg.

Algorithm: [A] := GJE_BLK(A)

Ar|A
Partition A — | ——4—T
ApL|ABr

whereAr, is 0 x 0

while m(Azz) <m(A) do
Determine block size b
Repartition

AgoJAor |Ao2
Arc)ATr
ol = | AofAn A2
A fA21|A2

whereA isbx b

Aot Api

Aqr | := GIE_UNB Aqq Unblocked Gauss-Jordan

Ag Az
Ago := Ao +Ao1A10 Matrix-matrix product
Ay Matrix-matrix product
Ay Matrix-matrix product
Ap 0 +AoAn Matrix-matrix product
Ay 2 +A2ApR Matrix-matrix product
Ap=ApAnp Matrix-matrix product

Continue with

Aoo|Aot JAo2
(:”‘ 2”) — [ AoAn A2
sLIoR A |A21 JA22

endwhile
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& @ The Gauss-Jordan alg.

At a given iteration

A00 AO01 A02 A00 A01 A02
A10 All Al2 A10 All Al2
A20 A21 A22 A20 A21 A22

Aol Ao1

Ai1isb x b An | = GJEyns An

A2l Azt

emon©@mpi-magdebu
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@ The Gauss-Jordan alg.

At a given iteration

A00 A01 A02 A00 A01 A02

A10 All Al2 A10 All Al2

A20 A21 A22 A20 A21 A22
Aogo := Aoo + Ao1A1o Aoz := Aoz + Ao1Ar2
Az 1= Az + A21A10 A = Ax + A21A12
Ao := A11A10 A = AnlAp
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& @ The Gauss-Jordan alg.

Which is the Al of GJE?

Flops and memops count (in 1 step of the algorithm)

GJE_UNB 2nb? 2nb? 1-2
MM products | 2n(n — b)b | 2n(n — b) 3

We asume that:
1 memop is required by 1 BLAS-1 / BLAS-2 flop
1 memop is required by b BLAS-3 flops

In summary

Total number of flops: 2n3 flops
Total number of memops:  2n(n/b — 1 + b) memops
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& @ The Gauss-Jordan alg.

Computing optimal A/ and b

2n3
2n?(n/b—1+ b)

Algie = flops-per-memop

m We pretend to maximize Al — minize memops
m Optimal b (bopt) is the one that minizes 2n%(n/b — 1 + b)

bopt = \/ﬁ

o — n ~
Algje oot = 7= ™

H
N
IS
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@ The Gauss-Jordan alg.

The multi-block variant

m The panel factorization in GJE limits the algorithm performance

m This operation is performed via an unblocked variant of GJE, based
on BLAS-1 and BLAS-2 kernels

m A variation that alleviates this problem replaces the unblocked GJE by
a blocked variant of the same algorithm

m This reports a multi-blocksize variant of GJE that delivers higher
performance
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@ The Gauss-Jordan alg.

Algorithm: [A] := GJE_BLK(A)

ArpfA
Partition A — | ==X
ApL|Asr

whereAz; is 0 x 0

while m(Ar,) <m(A) do
Determine block size b
Repartition

AgofAor |Ao
Arr|A
<A_TLIAﬂ> s (Am A1y Au)
peior A jA21|Ax

whereA; isbxb

Aot Aot
[A“} := GIE_UNB ({A“ }) Unblocked Gauss-Jordan <— Blocked variant of

At Ay .
Aoo 1= Aoo +Ao1A10 Matrix-matrix product bIOCkSIZe c
Agp := A +A21A10 Matrix-matrix product

Ay 11A10 Matrix-matrix product
Ap :=An +AnAn Matrix-matrix product
An Matrix-matrix product
A Matrix-matrix product

Continue with

Ago Aot JAn2
<:” /:TR> [ AlAi]An
bl A |A21 A2

endwhile
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& @ The Gauss-Jordan alg.

Which is the Al of multiblock-GJE?

Flops and memops count (in 1 step of the algorithm)

GJE_UNB 2nc? 2nc? 1-2

GJE_BLK 2n(b—c)c | 2n(b— c) 3

MM products | 2n(n — b)b | 2n(n — b) 3
Note that:

The inner and outer instances of GJEp require b/c and n/b steps
1 memop required by c/b BLAS-3 flops in inner/outer GJEp

_

otal number of flops: 2n° flops
Total number of memops:  2n%(n/b — 2+ b/c + c) memops
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& @ The Gauss-Jordan alg.

Computing optimal A/ and b

m Optimal ¢ (copt) is \/(n)
2n3

2n2(n/b — 2 +2,/(b)) i

Alppgie = Ops-per-memop

bopt = \/ﬁ Copt = \/E

Al —_n o (0
mbgjeopt — 33¥n—2 3
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3. Experimental evaluation
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@ Experimental evaluation

Hardware

| INTEL i7-4770 | 4| 3.4GHz| 255 GB/s | 108.8 GFlops |

All implementations

m Rely on kernels in the Intel MKL v.11.1 library

m Use the four cores in the platform
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@ Experimental evaluation

Impact of b on the Al
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@ Experimental evaluation

Impact of b on the performance

2,048 45 | 48 40
64 40

32 45

4,096 64 | 64 52
96 51

64 62

6,144 78 | 96 76
128 75

64 78

9,216 96 | 96 102
128 98
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@ Experimental evaluation

Impact of b on the performance
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| 2,048 | 161-12 [ 160-16 | 62 | 56 |
| 4,096 | 256-16 | 256-16 | 69 | 89 |
| 6,144 | 335-18 [ 320-16 | 82 | 115 |
\ 9,216 | 406-20 | 384-16 | 94 | 149 |
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4. Conclusions and future work
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& @® Conclusions and future work

Conclusions

m we have presented simple yet accurate models to determine the
blocksize in GJE implementations

m we have extended the approach to multi-block algorithms

m the experiments demonstrate that imrpovements in the Al report
gains in performance

m the results can be extended to other kernels like i.e., dense matrix
factorization

m apply same technique to other linear algebra kernels

m develop more accurate models
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THANKS.
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