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Motivation

Dense numerical linear algebra operations are crucial in many
scientific and engineering applications

Consequently, many efforts to optimize this operations can be found
in the literature. A good example are the basic numerical linear

algebra subroutines (BLAS) and LAPACK specifications

Additionally, hardware manufacturers usually provide specific
implementations of BLAS and LAPACK for their platforms
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Motivation

Tiled implementations has demonstrated to suit modern hardware
architectures

In particular, they provide a convenient memory pattern access that
facilitates an efficient use of the memory hierarchy

Unfortunately, the performance of tiled implementations highly
depends on the algorithmic blocksize employed

Find the optimal algorithmic blocksize is far from being trivial
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Motivation

The Roofline model is a graphical tool used to evaluate the
performance of a computational kernel

It merges in a single plot the memory-bound and compute-bound
spaces of a hardware architecture
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Motivation

We aim to obtain the optimal algorithmic blocksize

for a given computational kernel and hardware plaform from
the related Roofline model
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Outline

1. The Roofline model

2. The Gauss-Jordan alg.

3. Experimental evaluation

4. Conclusions and future work
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The Roofline model

The Roofline model

Joints in a plot the memory and compute-bound spaces of the HW

Note that the Roofline model is platform-specific
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The Roofline model

The Roofline model

Shows the maximal attainable performance at a given arithmetic

intensity (AI)

The AI of a kernel is computed as the ratio between: floating-point
arithmetic operations (flops) and memory accesses (memops)
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The Roofline model

The Roofline model

Given the AI related to a computational kernel, the Roofline model

states the maximal performance that can be expected

In practice, Roofline model can be used to evaluate the
performance of a computational kernel and identify its bottlenecks
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The Roofline model

The Roofline model

To create the model we need the peak performance and the memory
bandwidth of the architecture

These figures are provided by the HW manufacturer, or can be
obtained experimentally
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Outline

1. The Roofline model

2. The Gauss-Jordan alg.
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The Gauss-Jordan alg.

The Gauss-Jordan elimination (GJE) algorithm computes the inverse
of a matrix

GJE presents a computational cost and numerical properties similar to
the traditional method based on the LU factorization

It presents:

Fine grain parallelism computations: pivoting
Coarse grain parallelism computations: matrix-matrix products

Similarities with matrix factorization methods: LU, Cholesky, QR

⇓
Results can be extrapolated to other linear algebra kernels
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The Gauss-Jordan alg.
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The Gauss-Jordan alg.

At a given iteration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A11A10 A12

A21A20 A22

A01A00 A02

A11A10 A12

A21A20 A22

A01A00 A02

A11 is b × b

 A01

A11

A21

 := GJEunb

 A01

A11

A21
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The Gauss-Jordan alg.

At a given iteration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A11A10 A12

A21A20 A22

A01A00 A02

A11A10 A12

A21A20 A22

A01A00 A02

A00 := A00 + A01A10

A20 := A20 + A21A10

A10 := A11A10

A02 := A02 + A01A12

A22 := A22 + A21A12

A12 := A11A12
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The Gauss-Jordan alg.

Which is the AI of GJE?. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Flops and memops count (in 1 step of the algorithm)

Operation flops memops BLAS level

GJE unb 2nb2 2nb2 1 - 2

MM products 2n(n − b)b 2n(n − b) 3

We asume that:

1 memop is required by 1 BLAS-1 / BLAS-2 flop

1 memop is required by b BLAS-3 flops

In summary

Total number of flops: 2n3 flops
Total number of memops: 2n2(n/b − 1 + b) memops
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The Gauss-Jordan alg.

Which is the AI of GJE? (cont.). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Computing optimal AI and b

AIgje =
2n3

2n2(n/b − 1 + b)
flops-per-memop

We pretend to maximize AI → minize memops

Optimal b (bopt) is the one that minizes 2n2(n/b − 1 + b)

bopt =
√
n

AIgjeopt = n
2
√
n−1
≈
√
n

2
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The Gauss-Jordan alg.

The multi-block variant. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The panel factorization in GJE limits the algorithm performance

This operation is performed via an unblocked variant of GJE, based
on BLAS-1 and BLAS-2 kernels

A variation that alleviates this problem replaces the unblocked GJE by
a blocked variant of the same algorithm

This reports a multi-blocksize variant of GJE that delivers higher
performance
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The Gauss-Jordan alg.

← Blocked variant of
blocksize c
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The Gauss-Jordan alg.

Which is the AI of multiblock-GJE?. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Flops and memops count (in 1 step of the algorithm)

Operation flops memops BLAS level

GJE unb 2nc2 2nc2 1 - 2

GJE blk 2n(b − c)c 2n(b − c) 3

MM products 2n(n − b)b 2n(n − b) 3

Note that:

The inner and outer instances of GJEblk require b/c and n/b steps

1 memop required by c/b BLAS-3 flops in inner/outer GJEblk

In summary
Total number of flops: 2n3 flops
Total number of memops: 2n2(n/b − 2 + b/c + c) memops

A. Remón, remon@mpi-magdeburg.mpg.de Tuning Dense Linear Algebra Factorization with Roofline Model 16/26

mailto:remon@mpi-magdeburg.mpg.de


The Gauss-Jordan alg.

Which is the AI of multiblock-GJE? (cont.). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Computing optimal AI and b

Optimal c (copt) is
√

(n)

AImbgje =
2n3

2n2(n/b − 2 + 2
√

(b))
flops-per-memop

bopt =
√
n copt =

√
b

AImbgjeopt = n
3 3√n−2

≈ ( 3√n)2

3
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Experimental evaluation

Hardware

Processor #cores frequency Bandwidth Peak (DP)

intel i7-4770 4 3.4 GHz 25.5 GB/s 108.8 GFlops

All implementations

Rely on kernels in the Intel MKL v.11.1 library

Use the four cores in the platform
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Experimental evaluation

Impact of b on the AI. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Figure 3. Effect of the external blocksize b on AI. Lines with marks “⇥” and “+”
represent the AI for the blocked and the multi-block algorithm respectively. For the
multi-block algorithm, c = copt =

p
b.

the (theoretical) peak bandwidth is 25.5 GB/s (i.e., 3.18 millions of DP numbers
per second). All the implementations rely on the multi-threaded implementation
of BLAS provided by Intel MKL 11.1, and the experiments are configured to
exploit all 4 cores in the platform by spawning 4 threads during the execution
of the BLAS.

We first carry out an experiment that aims to empirically assess the impact
of the blocksize on the performance of the blocked implementation of the GJE
method to invert matrices of four dimensions. To avoid variations due to cache
dimensions and associativity, we select n=2,048, 4,096, 6,144 and 9,216. For
brevity, and to better exploit the processor’s vector units, we only experiment
with “spaced” values of b that are integer multiples of s=32 (except for the 2,048
case, where we use integer multiples of s=16). For each matrix dimension, the
theoretical optimal blocksize bopt is computed as described in Section 4.1. We
then test three different values for b, corresponding to the two integer multiples
of s closer to bopt above it (i.e., (bbopt/sc + 1)s and (bbopt/sc + 2)s) as well as
the closest integer multiple below this value (bbopt/scs).

Table 1 displays the results obtained for this initial study, showing the value
of bopt for each matrix dimension and the performance (in GFLOPS) attained
using the three values selected for b. The best performance is always observed
for the value of b closest to bopt, validating our formula to determine the optimal
blocksize setting.

In addition, the performance observed for the implementation of GJE_blk
grows with the dimension of the matrix, a result that is also aligned with the
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Experimental evaluation

Impact of b on the performance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix dimension bopt b gflops

2,048 45
32 38
48 40
64 40

32 45
64 524,096 64
96 51

6,144 78
64 62
96 76

128 75

64 78
96 1029,216 96

128 98

A. Remón, remon@mpi-magdeburg.mpg.de Tuning Dense Linear Algebra Factorization with Roofline Model 21/26

mailto:remon@mpi-magdeburg.mpg.de


Experimental evaluation

Impact of b on the performance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Experimental evaluation

Impact of b on the performance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Matrix dimension bopt-copt b-c gflops Arith. intensity

2,048 161-12 160-16 62 56

4,096 256-16 256-16 69 89

6,144 335-18 320-16 82 115

9,216 406-20 384-16 94 149
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Conclusions and future work

Conclusions

we have presented simple yet accurate models to determine the
blocksize in GJE implementations

we have extended the approach to multi-block algorithms

the experiments demonstrate that imrpovements in the AI report
gains in performance

the results can be extended to other kernels like i.e., dense matrix
factorization

Future work

apply same technique to other linear algebra kernels

develop more accurate models
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Thanks.
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